Size shrinking of composite bosons for increasing density in the BCS to Bose-Einstein 

crossover 
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We consider a system of fermions in the continuum case at zero temperature, in the strong-coupling 
limit of a short-range attraction when composite bosons form as bound-fermion pairs. We examine 
the density dependence of the size of the composite bosons at leading order in the density ( "dilute 
limit"), and show on general physical grounds that this size should decrease with increasing density, 
both in three and two dimensions. We then compare with the analytic zero-temperature mean-field 
solution, which indeed exhibits the size shrinking of the composite bosons both in three and two 
dimensions. We argue, nonetheless, that the two-dimensional mean-field solution is not consistent 
with our general result in the "dilute limit", to the extent that mean field treats the scattering 
between composite bosons in the Born approximation which is known to break down at low energy 
in two dimensions. 



PACS numbers: 74.20.Fg, 74.25.-q, 74.20.Mn, 74.20.-z 



I. INTRODUCTION 

The BCS to Bose-Einstein (BE) crossover can be re- 
garded as an evolution from large overlapping Cooper 
pairs (BCS limit) to small nonoverlapping (composite) 
bosons (BE limit). At zero temperature, this crossover 
has thus been characterized in the continuum case in 
terms of the correlation length £ pa i r for pairs of opposite- 
spin fermions_ (in units of kp , where kp is the Fermi 
wave vector). El 

It was found that, by reducing the strength of the 
fcrmionic attraction at fixed density, £ pa i r increases 
monotonically from its strong-coupling (BE) limit (equal 
to the bound-state radius of the associated two-body 
problem) to the Pippard value in the weak-coupling 
(BCS) limit. 

It was emphasized recently that, as the particle den- 
sity increases for fixed value of the potential strength, 
the system also evolves from the BE limit toward the 
crossover region, eventually reaching the BCS limit (pro- 
vided ceijtain conditions on the fermionic attraction are 
fulfilled) .0 

In this context, one would naively expect £ pa i r to in- 
crease monotonically, too, when evolving from the BE 
limit toward the crossover region by increasing the par- 
ticle density. A more careful analysis, however, shows 
that £ pa ir should actually decrease with increasing den- 
sity starting from the BE limit for small density ("di- 
lute limit"). Consideration of this effect, which origi- 
nates from the repulsive interaction between the com- 
posite bosons, is the main purpose of this paper. 

The composite bosons (which form as bound pairs from 
the constituent fermions in the strong-coupling limit) 
mutually interact wj& a residual repulsive interaction due 
to Pauli principle flu This repulsive interaction, in turn, 
affects the size of the composite bosons. Specifically, one 
expects on physical grounds this interaction to reduce the 
size of the composite bosons (with respect to the bound- 
state radius of a composite boson in isolation), insofar 



as the repulsive interaction itself decreases for decreas- 
ing size of the composite bosons. A new equilibrium size 
for the composite bosons thus results when combining 
the effect of the repulsive interaction with the internal 
energy of a composite boson, the new equilibrium size 
being smaller than the original size of a composite boson 
in isolation. 

We shall implement this qualitative idea by minimizing 
the expression of (twice) the fermionic chemical poten- 
tial 2/j, = — e + hb with respect of the size £ pa j r of a 
composite boson, where e represents the internal energy 
of a composite boson (to be defined below) and [Ib is the 
bosonic chemical potential determined by the mutual re- 
pulsion between the composite bosons.U Both e and [is 
are, in fact, functions of £ pa h-; in addition, fiB depends 
on the density n. 

We shall explicitly verify that the size-shrinking effect 
is borne out by the analytic zero-temperature mearufield 
solution for a point-contact interaction both in threefl and 
twofl dimensions. In two dimensions, however, the mean- 
field density dependence of £ pa i r does not agree with what 
expected in the "dilute limit" . We attribute this dif- 
ference to the poor treatment of the bosonic scattering 
within the zero-temperature mean field, which rests on 
the Born approximation as the form of the mean-field 
bosonic chemical potential implies. Since the Born ap- 
proximation in two dimensions is known to fail at low 
energy (which, in turn, corresponds to the "dilute limit" 
of the Bose gas), the effect of the bosonic interaction on 
Cpair cannot be properly treated within the Born approx- 
imation. 

We will therefore argue that a proper treatment of the 
residual bosonic interaction (over and above the Born 
approximation) , along tlac lines recently developed for the 
three-dimensional case,B should be especially relevant to 
the two-dimensional case. 

We have focused in this paper on the composite-boson 
regime of the BCS-BE crossover problem, following pre- 
vious work on this problemcra which has emphasized the 



importance of approaching the bosonization in reverse, 
that is, starting from the BE and evolving toward the 
BCS region. Although this reverse approach is not usu- 
ally adopted in the literature, we prefer it over the con- 
ventional BCS to BE approach which starts from the 
BCS limit, insofar as the physics of the BE (composite- 
boson) region is much richer than its counterpart in the 
BCS limit. Specifically, the reverse approach enables one 
to perform approximations in the BE limit which would 
be a priori uncontrolled if one would start instead from 
the BCS limit. These approximations, which are nec- 
essarily more involved than those performed in the BCS. 
limit, are nevertheless appropriate also to the BCS limit HI 
In addition, it has been shown that even numerical ap- 
proximation schemes starting from the BE region are sur- 
prisingly accurate also on the. BCS side of the crossover, 
while the reverse is not true.til 

The plan of the paper is as follows. In Section 2 we pro- 
vide the general physical argument for the size shrinking 
of the composite bosons with increasing density in the 
"dilute limit" , irrespective of dimensionality. In Section 
3 we confront this general argument with the analytic 
zero-temperature mean-field results for a contact poten- 
tial in the strong-coupling limit, both in three and two 
dimensions. Numerical results for two different finite- 
range potentials in three dimensions are also shown for 
comparison. Section 4 gives our conclusions. 



II. GENERAL ARGUMENT FOR THE SIZE 
SHRINKING OF THE COMPOSITE BOSONS 

We consider a system of fermions at zero temperature, 
mutually interacting via an (effective) attractive poten- 
tial with a finite-range r$. For the sake of comparison 
with the available analytic results in three and two di- 
mensions, we disregard lattice effects and consider the 
system embedded in a homogeneous background (con- 
tinuum case). 

Composite bosons in isolation are defined when the as- 
sociated two-body problem admits a bound state (zero- 
density limit). At small (albeit finite) density, compos- 
ite bosons are expected to retain their identity in the 
strong-coupling limit of the original fermionic attraction, 
i.e., when the binding energy of the associated two-body 
problem is much larger than the strength of the resid- 
ual interaction between the composite bosons. Quite 
generally, this residual interaction has a dominant short- 
range repulsive part due to Pauli principle, which is ac- 
tive among the constituent fermions as soon as the com- 
posite bosons overlap. This overlap, in turn, increases 
(on the average) when the size and/or the density of the 
composite bosons increase. 

More precisely, we shall assume that Ufof « 1, 
where aj? is the scattering length associated with the 
fermionic attraction, as well as Sf >> 7'o. The former 
assumption represents a "diluteness" condition, while the 



second assumption is required to get a well-defined sys- 
tem of composite bosons, for which the Pauli repulsion 
overwhelms the attractive part of the bosonic poten- 
tial originating from the finite-range fermionic attraction 
(see Ref. [8], footnote [36]). In this way, instabilities of 
the bosonic system (like the one recently pointed out in 
Ref. [9]) will be suitably avoided. 

When the above conditions are satisfied, the compos- 
ite bosons have a finite size and yet can be considered 
to be well-defined entities. We assume, therefore, that 
the standard results for the Bose gas can be used as far 
as the mutual interaction of the composite bosons is con- 
cerned, irrespective of their internal structure. To the in- 
ternal structure we associate a pair wave function ip and 
a corresponding internal energy e, obtained from (minus) 
the expectation value (ip\H2\ip) / (ip\4>) of the two-fermion 
Hamiltonian Hi over the pair wave function (where Hi 
contains the reduced kinetic energy and the attractive 
two-fermion potential). Physically, — e represents the en- 
ergy required to form a composite boson in isolation with 
a given internal wave function tf> for the pair of con- 
stituent fermions. We thus regard the energy 2/j re- 
quired to add two fermions to the system as composed 
of two distinct contributions, namely, (i) the (negative 
of the) above internal energy — e and (ii) the energy [Ib 
required to add eventually the composite boson to the 
system (with a finite density of composite bosons al- 
ready present). On physical grounds, /is is related to 
the repulsive interaction between the composite bosons 
and depends on their size and density. Specifically, in 
three dimensions we take (we set h = 1 throughout) 
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from the standard theory of the "dilute" Bose gas,li2l 
where ns — n/2 is the bosonic density, tub — 2m is 
the mass of a composite boson in terms of the mass m of 
the constituent fermions, and as is the (positive) bosonic 
scattering length due to the repulsive interaction between 
the composite bosons. In two dimensions we take instead 
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frora_the theory of the two-dimensional "dilute" Bose 
gas,EJ where r represents the range of the bosonic in- 
teraction. From dimensi onal considerations, both as in 
Eq. (|j) and r in Eq. ( |2.2|) should be proportional to 
the size £ pa ; r of the composite bosons, defined by the fol- 
lowing functional: 
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We set correspondingly a B = a 3 £ pair and r = a 2 £ pair in 
three and two dimensions, in the order, where a^, and ai 
are positive constants. In this way, the bosonic chemical 



potential fi B = Ms(Cpair) becomes itself a function of 

Spair- 

We determine next the function — e(£ pa ir) by minimiz- 
ing {ip\H2 \i/j) / {ipl'i'} m the subspace of the wave functions 
■0 corresponding to a given value of £ pa j r . In this way, the 

equilibrium value £ p ° ir and the associated internal energy 
e are obtained from the global minimum of — e(£ pa ir) (fo 
coinciding with the binding energy of the associated two- 
body problem). Near this minimum we set 
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where the positive constant A^ depends in general on 
the dimensionality d. This approximate expression can 
be used when searching for the minimum of 
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to determine the new equilibrium value £, pa i r in the pres- 
ence of a fi nite (albeit small) density of composite bosons. 
From Eq. (|2.l| ) we then obtain for this new equilibrium 
value in three dimensions: 
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while from Eq. (pj) we obtain in two dimensions: 
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Note that the value of £, pa ir in the presence of a finite 
density of composite bosons is smaller than the value 
£pair f° r a composite boson in isolation, both in three and 
two dimensions. Physically, this shrinking is due to the 
fact that the decrease of the repulsive bosonic interaction 
(when the composite bosons contract) prevails over the 
reduction of the internal energy away from the original 
equilibrium value e . 

In th ree dimensions, by inserting Eq. (2.6) into 
Eq. (2.4), the difference e(£ pa ir) — £o is seen to decrease 
quadratically with increasing density. The leading-order 
correction to the internal energy e is then quadratic in 
the density. This should be contrasted with the den- 
sity dependence of the bosonic chemical potential, which 
is instead linear to the leading order. It can be fur- 
ther checked that adding to equation (1) for the bosonic 
chemical potential terms of higher order in the small pa- 
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B a Bl will not modify expression (2.6) for the 
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leading-order dependence of £, pa ir on n B in the dilute 
limit. Both the bosonic chemical potential fi B and the 
internal energy e are thus self-consistently calculated by 
our approach to the leading order in the density. 

To leading order, the binding energy — 2/i(£ pQ i r ) for a 
composite boson embedded in the medium thus decreases 
linearly with the density, owing to the linear dependence 



of the bosonic chemical potential. This effect has been 
evidenced in different contexts, namely, far the Bose 
condensation of excitons in semiconductorsH and, more 
recentlyjl3 for the Bose condensation of atomic hydro- 
gen. In the latter case, a linear reduction of the bosonic 
binding energy has been measured for increasing density, 
consistently with the general argument presented in this 
paper. 



III. COMPARISON WITH 3-D AND 2-D 
MEAN-FIELD RESULTS 

In this Section, we consider without loss of general- 
ity an attractive fermionic point-contact potential, for 
which the analytic solution of the BCS to BE crossover 
at the zero-temperature mean-field level is available, both 
in threeQ and twcQ dimensions. We verify that this solu- 
tion yields a decrease of £ pa i r for increasing density, both 
in three and two dimensions, in generic agreement with 
the results of the previous Section. Specifically, in three 
dimensions we are able to recover the mean-field den- 
sity dependence of £ pa ; r from the approach of the pre- 
vious Section, by relating a B to £ pa i r via the Born ap- 
proximation. The analogous attempt fails, however, in 
two dimensions because the Born approximation (which 
is associated with mean field) strongly overestimates the 
scattering between composite bosons, thus disrupting the 
basic assumptions on which the approach of the previous 
Section rests. 

We remark that the analytic results presented in this 
Section for a point-contact interaction describe also the 
general behaviour for a finite-range potential in the "di- 
lute" composite-boson regime, which is defined by the 
two conditions kpap « 1 and aF » ?"o previously 
mentioned. In this case, the range r$ of the poten- 
tial is much smaller than the two other length scales in 
the problem (kp and of), so that the mean-field equa- 
tions for a finite-range potential get always mapped onto 
the mean-field equations for a point-contact interaction 
(with the same scattering length). The region where the 
size-shrinking effect is present (namely, the composite- 
boson region) coincides thus with the region where the 
behaviour of the point-contact interaction is "universal" . 
It is just this coincidence which enables us to establish 
the size-shrinking effect as a general feature of the strong- 
coupling limit of the BCS-BE crossover. 



A. Three-dimensional case 

For a three dimensional point-contact potential, the 
low-energy fermionic two-body scattering can be conve- 
niently regularized in terms of the scattering length ap. 
At finite fermionic density, it is then possible to express 
all relevant physical quantities (such as the superconduct- 
ing gap A and the chemical potential) in terms of the di- 



mensionless parameter kpaF- This can be explicitly ver- 
ified for the analytic solution of Ref. [6] given in terms of 
the complete elliptic integrals. Since kpap << 1 in the 
BE limit, physical quantities can further be expanded in 
powers of kpap in this limit. 

In particular, for the pair coherence length one finds 
from the analytic solution of Ref. [6] : 
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at the leading order in the bosonic density ns = 
k F /(6ir 2 ). Equation [8] has been obtained by first ex- 
panding equation (30) of Ref. [6] in powers of 1/xq, by 
then inverting it to abtain xq in powers of kpap, and by 
inserting the resulting expression for xq into the power 
expansion of equation (31) of Ref. [6] for kpS, pa ir- In 
equation (8) (as well as in equatio n (3 1) of Ref. [6]) 
£ P air is defined according to equation ( |2.3D , with the BCS 
choice -0BCs(k) = A/(2£ , (k)) for the Fourier transform 
(with wave vector k) of the pair wave function,!!! where 
E(k) = ^(k 2 /(2m)_- ^) 2 + A 2 as usual. 

Note from Eq. ( |3.l|) that in the zero-density limit £ pa ; r 
equals the value ap/^/2 of the bound-state radius of a 
composite boson in isolation. Note also that £ pa ir de- 
creases linearly with increasing density of the composite 
bosons. The mean-field analytic solution for a point- 
contact interaction thus confirms our general prediction 
of the size-sh rink ing effect discussed in the previous Sec- 
tion [cf. Eq. (|U)]. 

By the same token, for the bosonic chemical potential 
one finds from the analytic solution of Ref. [6] : 
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Comparison with Eq. ( |2.l| ) suggests then to identify ag = 
2aF in the BE (strong-coupling) limit. This result, which 
was also obtained for the same model system within the 
fermionic T-matrix approximation in the normal state 
(i.e., above the superconducting critical temperature) pel 
identifies kpap with (37r 2 /4) 1 ' 3 times the "gas parame- 

1/3 

ter" n B as for a "dilute" Bose gas. 

Recall further that the general mapping procedure 
from the original fermionic system onto the effective 
bosonic system in the strong-coupling limit (as described 
in Ref. [4]) provides in three dimensions the value 
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for the strength of the "bare" bosonic potential (with 
all wave vectors and Matsubara frequencies set to zero). 
One then verifies that the Bogoliubov result 
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is retrived by the expression (p72|) Ji3 
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It is interesting to show that not only the generic linear 
densi ty d ependence but also the coefficients of the expres- 
sion (3.1) can be reproduced by the variational principle 
of the previous Section, provided wc ta ke fo r a.3 th e va lue 
2\/2 (as determined from Eqs. (J3^), (|3~T|), and (|t|) to 
leading order in the density) and we assume the BCS 
form , 0BCs(k) = A/(2_E(k)) for the Fourier transform of 
the pair wave function. To this end, it is convenient to 
express initially (ip\H2\'tl'} / (ipW arm Ms as functions of 
the dimcnsionless variable x = /i/A instead of £ pa i r , to 
minimize then the resulting expression for 2/x with re- 
spect to x , and to use eventually the functional relation 
between x and £ pa i r (as determined in Ref. [6]) to obtain 
£ pa i r in terms of kpap. In the BE limit, where x < 
and \x \ » 1, this relation reads: 
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to the leading significant orders. One finds: 



(V'BCSI^BCS) 



Kp 

2m 

5 I 

- \X n 



2/3 



2\x 



4/3 



•4 b \xo 



2/3 



- 2/3 -~&k 



-4/3 



(3.6) 



where we have set b = (37r/16) 1//3 (kpap)^ 1 , while ^b — 
Hb(x ) is given by Eq. ( |2.1| ) with as — 2v2£ pa ir and 
with £ pair = £ pair (2; ) given by Eq. (|J). 

At the leading ord er, only the first two terms within 
brackets in Eq. (3.6) are relevant to the expression of 
2[i, whose mimimum is thus located at \x \ = 6 3 / 2 . At 
the next significant order, all terms w ithi n brackets in 
Eq. (3^) and the leading term in Eq. (3.5) are relevant 
to the expression of 2/i, yielding the new minimum at 
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Inserting Eq. ( p.7|) i nto Eq. (3.5) one recovers eventually 
the expression ( |3.l| ) for £ pa i r , as anticipated. The fact 
that equation (8), obtained by the mean-field solution, 
can be reproduced with the correct numerical coefficients 
by the minimization procedure of the previous Section 
(when specialized to the BCS choice for the pair wave 
function -0), can be regarded as quite a compelling check 
on the validity of our general argument of Section 2 and 
of its underlying assumptions. 

Finally, it is interesting to examine the behaviour 
of £, P air as a function of the density for a finite-range 
potential, for which the BCS-BE crossover driven by 
the density becomes possible 2 ]. As in Ref. [2], we con- 
sider the separable Nozieres-Schmitt-Rink (NSR) poten- 
tial V{k,k') = V(l + k 2 /kl)- l / 2 {\ + k' 2 /k 2 )"^ 2 (with 
k = |k|), and the non-separable Gaussian potential 
V(k,k') = FexpHk-k'|7fc 2 ) (V < in both cases). 
For these potentials, an analytic solution for the BCS-BE 
crossover is lacking, even at the mean-field level. We have 



therefore solved numerically the coupled equations for 
the gap function A(fc) and the chemical potential /i. The 
pair-coherence length ^ pa i r has been then determined by 
using the Fourier transform of equation (3), with the BCS 
choice for the pair wave function ip(k) = A(k)/(2E(k)). 
Results are shown in Figure 1, which confirm the presence 
of the size-shrinking effect in the "universal" composite- 
boson region. Note, however, that the size-shrinking ef- 
fect gradually disappears by increasing further the den- 
sity: ^pair reaches a minimum at kp ~ fco and then 
starts increasing with the density. The eventual increase 
of £, P air with kp, when kp >> &o, is a characteristic 
feature of a finite-range potential, as it can be readily 
verified from the asymptotic expressions (4) and (5) of 
Ref. [2] for the gap A(&f) in the limit /cf >> fco- In 
this limit, as soon as the system enters the BCS regime, 
we may use the BCS result £ pa i r ~ kp/A(kp) to obtain 

£,pair ~ kp exp I ,y? k '2 ) , where A is a numerical factor 
different for the NSR and Gaussian potentials. For both 
potentials, S, pa ir is seen to increase exponentially with kp 
for large kp, as far as fco is finite. The competition be- 
tween this asymptotic behaviour of £ pa ir when kp > > fco 
and the initial size-shrinking when kp << fco, leads then 
to a minimum of ^ pa ir when kp ~ fco . 
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FIG. 1. Pair coherence length (in units of the characteristic 
length fc^" 1 of the finite-range fermionic potential) vs fcp/fco, 
for the NSR (full line) and Gaussian (dashed line) potentials. 
[A typical value of | V^ | (= 1.1 V c ) above the critical value V c 
for the existence of a bound state in three dimensions has 
been considered for both potentials.] 



B. Two-dimensional case 

In two dimensions, the zero-temperature mean-field ex- 
pression for £ pa i r is reported in Appendix B of Ref. [6] in 
terms of the available analytic solution.13 In particular, at 
the leading significant order in the BE limit one finds: 
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(3.8) 



For given value of e , £pair is thus seen to decrease linearly 
with the density in the BE limit. One also finds for the 
bosonic potential: 
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which is proportional to the density but independent 
from the bosonic size. Note from Eq. (3.9) that the 
Bogoliubov result /is = tib v{0) is retrieved by the 
mean- field calculation even in two dimensions, since the 
strength v(0) of the "bare" bosonic potential is given by 
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as it can be explicitly verified by applying the prescrip- 
tions of Ref. [4] to the fermion-boson mapping in the 
two-dimensional case. 



The mean-field expressions (3.8) a nd (3.9) di ffer from 



the "dilute" Bose gas expressions (2.7) and (2.2), re- 
spectively, as they lack the logarithmic term in the de- 
nominator. Notwithstanding the decrease of the size of 
the c omp osite bosons for increasing density obtained by 
Eq. (3.8), the two-dimensional mean-field results appear 



thus to contradict the picture of Section II for a "di- 
lute" gas of composite bosons. In p articular, if one would 
use the Bogoliubov expression ( 3J; ) to implement the ar- 
gument of Section II, the failure of the strength of the 
"bare" bosonic potential in two dimensions to depend on 
the size of the composite bosons would not make it en- 
ergetically convenient to shrink the bosonic size at finite 
density. The size shrinking obtained by Eq. (3.8) is there- 



fore not consistent with the general argument developed 
in Section II. 

We attribute the difference between the mean-field 
and the "dilute" gas results to the poor treatment of 
the boson-boson scattering within the zero-temperature 
mean field , which rests on the Born approximation as the 
form ( |3.9D of the bosonic chemical potential implies. Let 
us, in fact, analyze the above results in terms of the ouU. 
comes of potential scattering theory in two dimensions. L3 
The Born approximation gives for the (dimensionless) 



low-energy scattering amplitude /, 
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is typically proportional to the average 



strength v and range r of the potential. The exact 
low-energy result for the two-dimensional scattering am- 
plitude /( 2 ) ~ — l/ln(fcr ), on the other hand, is inde- 
pendent of v and vanishes for vanishing wave vector 
(fc — > 0). In two dimensions, therefore, the effect of 
summing an infinite number of repeated scatterings dras- 
tically modifies the functional dependence of the scat- 
tering amplitude on the strength and range of the po- 
tential, and the perturbation theory for the scattering 
amplitude breaks downtJ In contrast, in three dimen- 
sions /4 „ ~ -mv(0) — -a Bo m where v(0) ~ v r% and 
flBom is the Born scattering length, whereas f^ 3 ' ~ —a 
is the exact low-energy result (a here being the full scat- 
tering length). That is, in three dimensions going from 



the Born approximation to the exact low-energy result 
merely changes the numerical value of the scattering 
length. 

For the composite bosons we are specifically interested 
in, the strength v must be proportional to the binding 
energy e for dimensional reasons, and the only available 
length scale is proportional to (me,,)" 1 / 2 . T his y ields 
v(0) ~ e (me )~ d / 2 , which corresponds to Eqs. (3^3) and 
( |3 .10 ) for d — 3 and d — 2, respectively, implying that the 
characteristic strength and range of the potential cannot 
be independently varied for the composite bosons. It is 
this feature which, in turn, makes v(0) independent from 
the size of the composite bosons in two dimensions. The 
Born approximation to the two-dimensional scattering 
amplitude for the composite bosons, therefore, not only 
lacks the functional form of the exact low-energy result, 
but even fails to yield any dependence on the size of the 
composite bosons whatsoever. 

From the above considerations, it is thus evident that 
in two dimensions the scattering rate between the com- 
posite bosons is overestimated within the Born approx- 
imation with respect to the true low-density result, in 
such a way that the "dilute limit" cannot be achieved at 
fixed density. Consequently, the physical picture adopted 
in Section II of a system of well-defined weakly interact- 
ing bosonic entities is bound to break down within mean 
field. 



IV. CONCLUDING REMARKS 

In this paper, we have discussed the size shrinking of 
composite bosons as a general physical result occurring in 
the "dilute limit" . We have also verified that this general 
result is correctly reproduced by the zero-temperature 
mean- field treatment in three but not in two dimensions. 
We have related the failure in two dimensions to the 
break down of the Born approximation at low energy. 
In addition, we have noted a peculiar relation between 
the effective strength and range of the potential acting 
between composite bosons. 

For the three-dimensional case, the relevance of includ- 
ing the mutual interaction between the composite bosons 
in the strong-coupling (BE) limit has been emphasized 
some time ago in Refs. [5] and [16]; more recently, the 
significance of treating the scattering between the com- 
posite bosons beyond the Born approximation has been 
addressed in Ref. [8]. We have argued here, however, 
that the failure to account for the effects of the bosonic 
interaction is more severe in two than in three dimen- 
sions, because the Born approximation breaks completely 
down in two dimensions. By the same token, we also ex- 
pect that the boundary in the phase diagram between the 
Bose-Einstein and crossover regions, discussed in Ref. [2] 
within mean field, should be significantly modified by a 
proper treatment of the bosonic interaction, along the 
lines recently developed for the three-dimensional case.El 



It is further clear that the criticisms recently raised 
to the fermionic T-matrix approximation when applied 
to the normal phase in three dimensions (which in the 
strong-coupling limit has been proved to reduce to the 
Born approximation as far as the scattering between com- 
posite bosons is concerned!!!) are even more appropriate 
for the two-dimensional case where the Born approxima- 
tion fails completely. This remark makes it somewhat 
questionable the use of the fermionic (seli=CQp.sistent) T- 
matrix approximation in two dimensions JiZIo to describe 
the tendency toward the formation of preformed pairs 
above the superconducting critical temperature, at least 
as the strong-coupling (bosonic)limit is approached. 
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